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Abstract 

The study of harmonic functions on a locally compact group G has recently been 
transferred to a "non-commutative" setting in two different directions: C.-H. Chu and 
A. T.-M. Lau replaced the algebra L°°{G) by the group von Neumann algebra VN(G') 
and the convolution action of a probability measure on L°°{G) by the canonical 
action of a positive definite function a on VN(G); on the other hand, W. Jaworski 
and the first-named author replaced L°°{G) by B{L^{G)) to which the convolution 
action by can be extended in a natural way. We establish a link between both 
approaches. The action of a on VN(G) can be extended to B{L'^{G)). We study 
the corresponding space Ti^ of "cr-harmonic operators", i.e., fixed points in B{L'^{G)) 
under the action of a. We show, under mild conditions on either a or G, that Tic 
is in fact a von Neumann subalgebra of B{L^{G)). Our investigation of Tia relies, in 
particular, on a notion of support for an arbitrary operator in B(L^(G)) that extends 
Eymard's definition for elements of VN(G). Finally, we present an approach to TLa 
via ideals in T{L'^{G)) — where T{L'^{G)) denotes the trace class operators on L'^{G), 
but equipped with a product different from composition — , as it was pioneered for 
harmonic functions by G. A. Willis. 
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multiplier; harmonic operator. 
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Introduction 



Let G be a locally compact group, and let ^ be a probability measure on G whose support 

generates G. A function (p E L°°[G) is called fi-harmonic if ;U*0 = 0. Harmonic functions 

play a crucial role for the investigation of random walks on locally compact groups and are 

extensively studied (see |Azej and |Furj . for example). The collection of all /i-harmonic 

functions is denoted by H^; it is easily seen to be a 7i;*-closed subspace of L°°{G), but is 
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a subalgebra only if it consists of the constants alone. Nevertheless, can be equipped 
with a product — different, of course, from the one in L°°{G) — turning it into an abelian 
von Neumann algebra ( |Azej ) . 

Recently, the notion of harmonicity has been "quantized" in two, seemingly entirely 
different directions. 

One such quantization was introduced and studied by C.-H. Chu and A. T.-M. Lau 
in |C-Lj . Their approach can be considered dual to the classical concept of a har- 
monic function. In |Eym| , P. Eymard introduced the so-called Fourier algebra A(G) and 
Fourier-Stieltjes algebra B{G) of G. If G is abelian with dual group G, the Fourier and 
Fourier-Stieltjes transforms, respectively, yield isometric isomorphisms A{G) = L^{G) 
and B[G) = M{G). Instead of looking at harmonicity with respect to a probability mea- 
sure, Chu and Lau consider harmonicity of functionals on A(G), i.e., of elements of the 
group von Neumann algebra VN(G), with respect to a positive definite function a € B{G): 
an operator T G VN(G) is said to be cr-harmonic if o" • T = T, where • is the canonical 
module action of B[G) on VN(G). The collection of all cr-harmonic functionals is denoted 
by 'Hfj. Even though, this new theory seems to parallel the classical theory of harmonic 
functions on the surface, it is, in fact, strikingly different. For instance, Tia is always a 
von Neumann subalgebra of VN(G) f |C-Ll Remark 3.2.11]). 

A completely different type of quantization was recently carried out by W. Jaworski 
and the first-named author ( | J-Nj ) . Starting point is the the result by F. Ghahramani 
(ISEal) that there is a natural isometric representation 9 of the measure algebra M{G) 
on 0(L^(G)), such that for /i G M{G) and cj) G L°°{G) — viewed as a multiplication 
operator on L'^{G) — we have 0{fi)(j) = fi * (j). Hence, the authors of |J-Nj define an 
operator T G B{L'^{G)) to be /x-harmonic for a probability measure n if 9{n){T) = T. The 
collection of all /x-harmonic operators is denoted by Ti.^. Like Ti.^, the space is a von 
Neumann algebra, but with a product usually different from the one in B[L?'{G)); in fact, 
Tifj, can be described as the crossed product of TL^ with G, where the action of G on TL^ 
is given by left translation ( |J-Nl Proposition 6.3]). 

In the present paper, we extend Chu's and Lau's notion of cr-harmonicity from VN(G) 
to B{L?'{G)) in a way that parallels the extension of /u-harmonicity from L°°{G) to 
B{L'^{G)) in |J^ . 

As the predual space of the operator algebra VN(G), the Fourier algebra carries a 
canonical operator space structure. (For the theory of operator spaces, we refer to |E-Rj .^ 
By M.ch{A-{G))^ we denote the completely bounded multipliers of A{G), i.e., those func- 
tions on G that induce completely bounded multiplication operators on A{G). Obviously, 
M.ch{A{G)) is a commutative Banach algebra, and it contains B{G) (with equality if and 
only if G is amenable). In |N-R-Sj . the first-named author, Z.-J. Ruan, and N. Spronk 
constructed a representation 6 oi M.ch{A{G)) on B{L'^{G)) which displays a perfect dual- 
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ity with Ghahramani's representation of M{G) (for details, see |JN-K-Sj l: in particular, it 
extends the action of B{G) on VN(G) to B{L'^{G)). For a G MchiMG)), it is then natural 
to define T € B{L'^{G)) to be fj-harmonic if 6{a){T) = T. We denote the collection of all 
(T-harmonic operators by 'H^- 

The aim of this paper is to explore the connections between this setting and the two 
quantizations from |( '-Lj and |.T-Nj . For instance, one of our main results is that — under 
very mild hypotheses which are always satisfied if G is amenable or the free group in two 
generators — 'H^ is a von Neumann subalgebra of B{L?'{G)), namely the von Neumann 
subalgebra of B{L^{G)) generated by Ha and 

The paper is organized as follows. 

First, we fix our notation and terminology and review a few basic facts about harmonic 
functions (see | J-Nj ) and harmonic functionals in VN(G) (as introduced and studied in 
|C-Lj ) . We also recall results from |N-K-Sj on the representation of A4ch{^{G)) on 
B{L'{G)). 

Section [21 gives a characterization of adaptedness in terms of the Fourier-Stieltjes 
transform (in the framework of locally compact abelian groups). This motivates our 
definition of the dual notion of adaptedness for positive definite functions. 

In Section 131 we introduce the support of an arbitrary (bounded linear) operator on 
-L^(G) such that it generalizes Eymard's corresponding notion for elements of VN(G). In 
order to prepare the ground for our main results, we investigate the properties of our 
notion of support in detail. 

Those main results are contained in Sectional Using the representation of Mchi^iG)) 
from |N-R-Sj . we naturally extend the notion of a cr-harmonic functional in VN(G) ( |C-Lj ) 
to the one of a cr-harmonic operator in B{L?'{G)), where o" is a positive definite function on 
G. Assuming either a very mild condition on G — the approximation property ( |H-Kj ) — or 
that a belongs to A{G), we show that the space of u-harmonic operators 'H^ is always a 
von Neumann subalgebra of B{L?'{G)) and, in fact, precisely the von Neumann algebra 
generated by L°°{G) and the algebra Ti^ of c-harmonic functionals in VN(G). This 
may be viewed as a result "dual" to the corresponding characterization (see IJ-JNI ) of 
the von Neumann algebra of ^-harmonic operators in B{Lp'{G)) as a crossed product 
over the algebra of ^-harmonic functions in L°°{G), where /i is a probability measure on 
G. Our notion of support for an arbitrary operator on Lp'{G) allows for an alternative 
characterization of Tilo- — at least if G has the approximation property — , namely as the 
operators in B{L'^{G)) with support contained in the subgroup Go- = a~^{{l}) of G. 

Finally, in Section [51 we present an approach to harmonic operators in B{L?'{G)) via 
ideals in the predual T{L?'{G)) in the spirit of |Wilj (see also |J-Nl Section 3]). This 
makes it necessary to endow the space T(L2(G)) with a product very different from the 
composition of operators; this product arises naturally when when one regards B{LP'{G)) 
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as a Hopf-von Neumann algebra, with a co-multiplication naturally extending the one of 
VN(G) (see |N-k-^| . [P^ . and JT^ ). 
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1 Preliminaries 

Throughout this section, let G denote a locally compact group equipped with left Haar 
measure. We follow standard notation and terminology of abstract harmonic analysis as, 
e.g., in |H-Rj . For p G [l,oo], we denote the corresponding L^-space with respect to left 
Haar measure on G by L'p{G). By M{G), we denote the algebra of all complex, regular 
Borel measures; M^{G) stands for the probability measures in M{G). We note that 
L°°{G) is a von Neumann algebra acting naturally on L?'{G) as multiplication operators: 
for (j) G L°°(G), let G B{L'^{G)) be given by {M^i){x) = (t){x)i{x) for ^ G L'^{G) 
and X £ G. (For the sake of notational simplicity, we shall sometimes write and 
interchangeably. ) 

The Banach algebra M{G) acts on U'{G) for p G [1, oo] via convolution from the left. 
For ^ G M{G), we define (p G L°°{G) as ^-harmonic \i * (p = (j) and set 

Tifj, G L°°{G) : (p is /i-harmonic}. 

(For the motivation for the name "/i-harmonic function", see the introduction of |C-Lj ) . 
Usually, /i-harmonic functions are considered only for /i G M^{G). To avoid pathologies, 
we shall assume /i to be adapted, i.e., (supp/i), the closed subgroup of G generated by the 
support of fi, is all of G. For abelian G and adapted /i G M^(G), the classical Choquet- 
Deny theorem asserts that consists only of the constant functions. For a general 
locally compact group G, a measure /i G M^{G) such that Ti^ = C exists if and only if 
G is amenable and a-compact f |C-Ll Proposition 2.1.3]). Even though Ti.^ is not a von 
Neumann subalgebra of L°°{G) — except if Ti^ = C — , there is a natural product on 
turning it into an abelian von Neumann algebra in its own right: given f,g€ Ti^, one can 
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show that the hmit 

w*-lim I p{x){fg)dfi* 



IG 

exists in L°°{G) and is an exphcit formula for the multiphcation in (here, /i*" stands for 
the n-th convolution power of fi, and p{x) denotes right translation by x, i.e., {p{x)(j)){y) := 
(piyx) for (/): G ^ C and x,y € G). For the classical theory of random walks and harmonic 
functions, see |Azej . |Nevj . and |Revj . for example. 

For any (p : G ^ C and x G G, we define \{x)(j) : G ^ C by letting {X{x)(j)){y) := 
(l){x~'^y) for x G G. For fixed x G G, the map L'^{G) 9 ^ i— > A(x)^ is a unitary operator on 
L2(G), and 

\:G ^B{L^{G)), x^\{x) 

is a unitary representation of G on L'^[G), the left regular representation of G. The group 
von Neumann algebra VN(G) of G is defined as VN(G) := X{G)" . The Fourier algebra 
A(G) of G — introduced by P. Eymard in Eym| — is the (unique) predual of VN(G). 



As any operator algebra, VN(G) is a concrete operator space. (For the theory of 
operator spaces, our reference is |E-Rj ) . Since the category of operator spaces allows 
for a natural duality theory, the dual space VN(G)* — and thus its subspace A{G) — is 
an operator space in a canonical manner. In particular, we may speak of completely 
bounded maps on A{G). (Following |E-Rj . we denote the completely bounded maps on 
an operator space E by CB{E).) A multiplier of A{G) is a function ex on G such that 
aA{G) C A{G); a multiplier is completely bounded if the corresponding multiplication 
operator is completely bounded. The collection of all completely bounded multipliers is 
denoted by M.ch{A{G)). It naturally inherits an operator space structure from CB{A{G)) 
which turns it into a commutative, completely contractive Banach algebra, i.e., a Banach 
algebra which is an operator space such that multiplication is completely contractive. An 
important subalgebra of A^cb(^(G)) is the Fourier-Stieltjes algebra B{G) of G (introduced 
also in |Eym| ) . It consists of all functions of the form G 9 x i— > (7r(x)^,r/), where vr is a 
(always strongly continuous) unitary representation of G on a Hilbert space ^ and ^,77 G 9). 
It can be identified with the dual space of the full group G*-algebra G*(G), i.e., of the 
enveloping G*-algebra of L^(G), and thus also has a canonical operator space structure. 
It contains A{G) as a closed ideal and thus canonically embeds into M.ch{A{G))] this 
embedding is always completely contractive, but is an isometric isomorphism if and only 
if G is amenable. For more details and references to the original literature, see |Spr| . 

It is immediate from the definition of A4ch{A{G)) that A[G) is a completely contrac- 
tive Banach A^cb(^(G))-module through pointwise multiplication. Consequently, VN(G) 
carries a dual A4cb(^(G))-module structure, namely 

a-T):= {(t>a, T) {a e M^G)), T G VN(G), </> G A{G)). 
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Slightly generalizing the definition from |C-Lj . we say that, for a G 7Wcb(^(G')), a von 
Neumann algebra element T € V{G)^ is a -harmonic a ■ T = T, and define 

:= {T G VN(G) : T is a-harmonic}. 

(Chu and Lau consider TYo- only for a G P^{G), which denotes the positive definite 
functions of norm one in B{G).) For abelian G with dual group G, the Fourier and 
Fourier-Stieltjes transforms, respectively, yield isometric isomorphism A{G) = L^{G) and 
B{G) = AI{G), and conjugation with the Plancherel transform yields that 

^Hf, (/i G M{G)). (1) 

Despite the formal analogies with harmonic functions, the harmonic functionals according 
to Chu and Lau display a strikingly different behavior: for a G P^{G), the set 

Ga:={xeG: a{x) = 1} 

is a closed subgroup of G such that TC^ = \{Gcj)" f |C-Ll Proposition 3.2.10]); in particular, 
Ha is a von Neumann subalgebra of B{L?{G)). 

Finally, we require a construction from jN-R-Sj : there the first-named author, Z.-J. 
Ruan, and N. Spronk define complete isometry 9: M.ch{A{G)) CB{B{L'^{G))) with the 
following properties: 

• ^ is a unital, u;*-tt;*-continuous algebra homomorphism; 

• 6{M.ch{-A{G))) consists precisely of those normal operators in CB{B{L'^{G))) which 
are L°°(G)-bimodule homomorphisms and leave VN(G) invariant; 

• for G Mch{A{G)) and T G VN(G), we have e{^){T) = (t)-T, i.e., the action of 
Mch{A{G)) on B{L'^{G)) induced by 9 extends the canonical one of Mch{A{G)) on 
VN(G). 

Under many aspects, 9 can be viewed as dual to Ghahramani's representation of M{G) 
on B{L'^{G)) (for details, see Section H and |N-R-Sn . 

For later use, we indicate how 9 is defined. Given cj) G Mch{A{G)), there are a Hilbert 
space i3 and continuous functions ^,r]: G ^ $j such that 

(see |.Tol) for an accessible proof). Let {ei)i^i be an orthonormal basis, and define 

4)i{x) := {ei,ri{x)) and ipiix) := {^{x),ei) (i G I, a; G G). 
Then we have 

For more details, see |N-R-rf| . 



6 



2 A dual characterization of adapted probability measures 

Let G be a locally compact group, and let fi G M^{G). It is fair to say that almost nothing 
can be said about unless fi is adapted. In order to have a dual notion of adaptedness, 
i.e., in the context of harmonic functionals as in |C-Lj . we first characterize the adapted 
probability measures on a locally compact abelian group in terms of their Fourier-Stieltjes 
transforms. 

Proposition 2.1. Let G be a locally compact abelian group. Then the following are 
equivalent for fi E M^{G): 

(i) fi is adapted; 

(ii) if J G is such that 7|supp/i = Ij then 7 = 1; 

(iii) {7 G G : A(7) = 1} = {!}■ 

Proof, (i) <^=^ (ii) and (iii) =^ (i) are straightforward, 
(ii) =^ (iii): Let 7 S G be such that 



Jg 



1, 

IG 



SO that 



1 = /i(7) = / 7(x) d^i{x) = I 7(x) dii{x) 
JG Jg 



and thus 

1 



Re7(x) d^(x) = - / 7(x)d/i(x)+ / -f{x)dfi{x) 
G ^ \Jg Jg 

Since 7(G) C T, we have (Re7)(G) C [—1,1], so that 

= / ldn{x)- / Rej{x)dfi{x) = / {1 - Re'y{x)) dfi{x). 
Jg Jg Jsuppaj" v ' 

>o 

By the continuity of 7, this means that Re7|supp/i = 1, thus 7|supp/i = 1, and therefore 
7 = 1 by (ii). □ 

Using (HJ and [Tm Proposition 3.2.10], we obtain a dual approach to the Choquet- 
Deny theorem: 

Corollary 2.2. Let G be a locally compact abelian group, and let fi G M^{G) be adapted. 
Then = C holds. 

In view of Proposition 12.11 we define for general locally compact groups: 

Definition 2.3. Let G be a locally compact group. Then we call a G P^(G) adapted if 
G, = {e}. 
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Remark. In terms of Definition 12.31 Proposition 12.11 can be reformulated as follows: a 
probability measure on a locally compact abelian group is adapted if and only if its 
Fourier-Stieltjes transform is adapted. 

It is well known that there is an adapted probability measure on a locally compact 
group G if and only if G is fi-compact. Since a locally compact abelian group is fi-compact 
if and only if its dual is first countable, it is immediate that there is an adapted positive 
definite function on such a group if and only if it is first countable. 

The following proposition extends this to general locally compact groups: 

Proposition 2.4. The following are equivalent for a locally compact group: 

(i) there is an adapted a S P^{G); 

(ii) G is first countable; 

(iii) there is an adapted a S A{G) H P^{G). 

Proof, (i) =^ (ii): Let a € P^{G) be adapted, fix a compact neighborhood U of e, and 
define, for n € N, 

Un ■■= I X e U : \a{x) - 1\ < - 
I n 

From the continuity of cr, it is clear that : n € N} consists of neighborhoods of e. 

Let y be a neighborhood of e, and suppose without loss of generality that V is open and 

contained in U . Since a is continuous and adapted, and since [/ \ y is compact, we have 

that 

eo := inf{[cr(x) - l\ : x U \V} > 

Choose no € N so large that ^ < eo- It follows that C V . Consequently, {[/„ : n € N} 
is a base of neighborhoods of e. 

Through translation, we see that every point of G has a countable base of neighbor- 
hoods. 

(ii) =^ (iii): Let {[/„ : n € N} be a base of neighborhoods of e, and suppose without 
loss of generality that Un+i C Un for n G N. For each n G N, there is (J„ G A{G) n P^{G) 
with supp cr„ C Un- Define 

oo ^ 

(7 := > — an 

n=l 

SO that, clearly, a € A{G) n P^{G). Let x £ G \ {e}. Since {Un : n G N} is a base of 
neighborhoods of e, there is ng G N such that x ^ Un^ and thus x ^ Un for n > hq. It 
follows that 

"0-1 no-1 ^ 

1^(^)1 ^ E ^Mx)\ < E ^ < 1- 



2n ' " \ 'I — / V 
n=l n=l 



This proves (iii). 

Finally, (iii) =^ (i) is trivial. □ 
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3 The support of an operator on L?'{G) 



In Eym , P. Eymard introduced the notion of support for elements of a group von Neu- 
mann algebra: if G is a locally compact group and T G VN(G), then the support suppT 
of T is defined to consist of those x ^ G such that </>(x) = for all (j) € A{G) with (p-T = Q. 
Using 9, this notion can naturally be extended to arbitrary operators on L'^{G): 

Definition 3.1. Let G be a locally compact group, and let T E B{L'^{G)). Then the 
support supp r of T is defined to be 

suppT :={xeG: ^{x) = for all (/> G A{G) with 9{(t>){T) = 0}. 

Remarks. 1. For operators in VN(G), this notion of support coincides with the one 
from |Eym . 



2. The support of an operator is obviously a closed subset of G. 
We first prove a few general assertions on the support of an operator. 

Proposition 3.2. Let G be a locally compact group. Then, for (j) G ^(G) and T € 
B{L'^{G)), we have 

supp ^ ((?!)) (r) C suppc/) n suppT. 

Proof. Fix ^ G A{G) and T G B{L'^{G)). 

Since 9 is multiplicative and A[G) is commutative, it is straightforward that any 
G A{G) with 9{ip){T) = satisfies 9{^){e{(l)){T)) = as well. From Definition HO it is 
then immediate that supp0((^)(T) C suppT. 

To see that supp 6'((/>)(r) C supp(/> as well, let x G G \ supp(/), and assume towards a 
contradiction that x G supp0((/))(r). Since x ^ supp0, there is a neighborhood F of x 
such that (l)\v ^ 0. Take ^ A{G) such that supp^ C V and ^(x) = 1. Then = 
holds, so that 9{il:){9{<t)){T)) = 9{il;<t)){T) = 0. Since x G supp^(0)(r), this implies that 
^{x) = 0, which is a contradiction. □ 

The following is an alternative description of the support of an operator: 
Proposition 3.3. Let G be a locally compact group, and let T G B{L'^{G)). Then 

{(/> G .4(G) : miT) = 0} (2) 
is an ideal of A{G) whose hull equals suppT. 

Proof. Let the ideal ((21) be denoted by /. Then we have for x G G that 

x^suppT <^ there is (/) G yl(G) such that (/((x) 7^ and (9((/>)(r) = 
<^=^ there \s (j) ^ L with (^{x) ^ 
X i hull(/). 

This completes the proof. □ 
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Since A(G) is Tauberian for any locally compact group G, the following is clear: 

Corollary 3.4. Let G be a locally compact group, and let T G B{L^{G)) be such that 
suppT = 0. Then e{(p){T) = holds for all (j) G A{G). 

Recall ( jH-Kj ) that a locally compact group G is said to have the approximation prop- 
erty if the constant function 1 lies in the ?x;*-closure of A[G) in M.ch{A{G)). Clearly, every 
amenable, locally compact group has the approximation property (by Leptin's theorem), 
but so does also every weakly amenable group in the sense of |dC-Hj . such as F2, the free 
group in two generators. Nevertheless, the approximation property is weaker than weak 
amenability: by |H-K1 Corollary 1.17 and Remark 3.10], the group 1? xi SL(2,Z) has the 
approximation property, but is not weakly amenable. 

Proposition 3.5. Let G be a locally compact group with the approximation property. 
Then the following are equivalent for T G B{L'^{G)): 

(i) suppT = 0; 

(ii) T = 0. 

Proof. Of course, only (i) =^ (ii) needs proof. 

Let {ea)a be a net in A{G) that converges to 1 in the it;*-topology of M.ch{A{G)). Since 
is unital and i(;*-zi;*-continuous i |N-R-Sl Theorem 4.5]), it follows that ''^<^b{l'^ (G)) — 
w*-\\m.a6{ea) and thus, by Corollarv 13.41 

T = e{l){T) = w*-\\nie{ea){T) = 0. 

a 

This proves (ii). □ 

Remark. It is well possible that Proposition 13.51 is true for every locally compact group. 
Let G be a locally compact group, and let F C G be closed. As is customary, we write 

L{F) := {cpeA{G):cl)\F^O}. 

We also define 

BpiL'^iG)) := {T G B{L'^{G)) : suppT C F}. 

Lemma 3.6. Let G be a locally compact group, and let F C G be a set of synthesis for 
A{G). Then e{(j)){T) = holds for all (p G L{F) and T G Bf{L'^{G)). 

Proof. Let T G Bf{L^{G)), and set 

/:={0GA(G):^(0)(r) = O}. 

By Proposition 13.31 we have 

hun(/) = suppT C F. 

Since F is a set of synthesis, this means that I{F) CZ I. □ 
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Since the multiplication of A4chiA{G)) is separately t(;*-continuous (see It'-R-Sj . for 
instance), we obtain immediately (from the t(;*-t(;*-continuity of 6): 

Corollary 3.7. Let G be a locally compact group with the approximation property, let 
F C G be a set of synthesis, and let T G BpiL'^iG)). Then e{4>){T) = for all 4> G 
Mch{A{G)) with (P\f = 0. 

Proof. Let (p G ^Ach{^{G)) be such that (j)\F = 0, and let {ea)a be a net in A{G) converging 
to 1 in the u;*-topology of Alcb(^(G')). Then {ea4')a is a net in I{F) that is t(;*-convergent 
to (p. Lemma 13.61 and the tt;*-ii;*-continuity of 6 then yield the claim. □ 

Let G be a locally compact group, let F C G be a set of synthesis, and let T G 
Bf{L'^{G)). Then it is clear from Lemma El that 6{(t)){T) for </> G A{G) depends only 
on (^ji? (if G has the approximation property, this is even true for all (j) G M.ch{A{G)) by 
Corollary EZTj). 

Proposition 3.8. Let G be a locally compact group, let H be a closed subgroup of G, and 
letT (^Bh{L'^{G)). Then: 

(i) if there is a e A{G) with a\H = 1 and 6{a){T) = T, then 9{(t)){T) = (j){e)T for all 
4> G A{G) which are constant on H; 

(ii) if G has the approximation property, then 9{(p)(T) = (p{e)T holds for all (p £ 
A4chiA{G)) which are constant on H . 

Proof. First, recall that if, as a closed subgroup, is a set of synthesis for G. f |T-T 21 
Theorem 3]). 

Suppose that there is cr G A{G) with a\H = 1 and 6{a){T) = T. Let cp G A{G) be 
constant on H. Then (p{e)a — (p vanishes on H, so that, by Lemma 13.61 we have, 

= e{ct>[e)a - ck){T) = <P{e)6[a){T) - 0{cP){T) = cP{e)T - 0{cP){T). 

This proves (i). 

For (ii), just note that, if (/> G Aich{A(G)) is constant on H, then (j)(e) — (f) vanishes on 
H. An application of Corollary 13 . 71 then yields (ii). □ 



As we already noted, our notion of support coincides with the one from Eym for 
operators in VN(G). We now compute the support of multiplication operators: 

Example. Let G be a locally compact group, and let / G L°°{G). For any cj) G A{G), we 
have 

m{Mf) = MfOmi) = <P{e)Mf, (3) 

where the first equality is due to the fact that 6{(p) is an L°°(G)-bimodule homomorphism. 
If X G G \ {e}, we can find (p G A{G) with (/.(x) / = </>(e), so that e{(p){Mf) = by 
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(0). Hence, x cannot lie in suppMj. Since x ^ G \ {e} was arbitrary, this means that 
Mf G Be{L'^{G)). Moreover, it is also clear from © that e G suppMj whenever / / 0, 
i.e., suppMj = {e}. 



4 Harmonic operators: the dual picture 

Let G be a locally compact group, and let 6: M{G) — > CB{B{L?'{G))) be the completely 
isometric representation from |Ghaj (see also |JNeu Ij . |JNeu 2j . and — for abelian G — |St0| ) 
given by 



For /i € M"'^(G), W. Jaworski and the first-named author define T G B{L^{G)) to be 
H-harmonic if 6{p){T) = T f |J-JNj ). Since 



this generalizes the notion of a ^u-harmonic function. More precisely, denoting the space of 
//-harmonic functions and operators by Ti^ and Ti.^, respectively, this shows that C 7Y^. 
Moreover, 71^ carries a natural multiplication extending the one of Ti^ — and turning Ti.^ 
into a non-commutative von Neumann algebra ( | J-Nj ) : given S,T & 7i^, their product in 
Tifj, is explicitly given by 



One of the main results obtained in |J-Nj — affirmatively answering a question by M. 
Izumi ( |izuj ) — consists of a precise structural description of TY^: provided that G is second 
countable, is exactly the crossed product of with G acting by left translation ( | J-Nl 
Theorem 6.3]). In particular, it shows that the algebra VN(G), as a subalgebra of W^, 
plays the same role as the scalars for the classical algebra of harmonic functions Ti^. 

Using 6 : MchiMG)) ^ CB{B{L'^{G))) from |N-k-Hj . we can extend the notion of 
a cr-harmonic functional on A{G) from jC-Lj to that of a cr-harmonic operator in a way 
analogous to the passage from TL^ to H.^ via 9: 

Definition 4.1. Let G be a locally compact group, and let a G ^Ach{A{G)). Then an 
operator T G B{L^{G)) is called a-harmonic if 9{a){T) = T. We denote the collection of 
all cT-harmonic operators on L?'{G) by 'Ha- 

Remarks. 1. Obviously, TYo- is a ii;*-closed subspace of B{L'^{G)). 
2. Trivially, Tia contains and since. 




{p G M(G), T G B{L^{G)), uj G T{L^{G))). 



(<A G L-(G)), 




9{(t)){Mf) = Mf9{cp){l) = Mf 



ifGL^iG)) 



it contains L°°{G) as well. 
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As proven in |C-Lj . 7i(j is a von Neumann subalgebra of VN(G) for a G P^{G), which 
stands in marked contrast to TCf^ with fj, S M^{G). In the remainder of this section, 
we shall see that a similar statement is true for H^- under some, fairly mild, additional 
hypotheses, it is a von Neumann subalgebra of B{L'^{G)); in fact, we shall prove that 

7Y<, = (H.UL°°(G))". (4) 

Remark. The description @ may be viewed as a dual version of the central structural 
result |J-N[ Theorem 6.3]; in our setting, it is the algebra L°°{G) which plays the role 
of the scalars. Noting that L°°{G) and VN(G) are Kac algebras dual to each other (see 
|E-Sj ). we are inclined to believe that one may find one single structure result that unifies 
those descriptions of Jia and H.^ in the general framework of Kac algebras (or, even more 
generally, locally compact quantum groups). 

We proceed through a series of lemmas and propositions. 
Proposition 4.2. Let G be a locally compact group, and let a € P^{G). Then 

{n^UL^iG))" cHa 

holds. 

Proof. By von Neumann's double commutant theorem, (TCa U L°°[G))" is the von Neu- 
mann subalgebra of B{LP'{G)) generated by TLfj and L°°{G). Since Hfj is a ti;*-closed sub- 
space of B{L'^{G)), it is sufficient to show that finite products of operators from T-i^\JL°° {G) 
belong to Tig-- Moreover, since Ho- = VN(G(j), it is enough to consider products of the 
form 

n 

nA(x,)M^,, (5) 

where xi, . . . , j;„ G G^ and fi,...,fn £ L°°{G). Since 

\{x)Mf = M;,(,);A(x) (x G G, / G L^{G)), 

a simple induction on the number of factors in ^ shows that © is, in fact, of the form 
Mf\(x) with / G L°°{G) and x G G^- Since 0{a) is an L°°(G)-bimodule homomorphism 
and since 9{a) fixes A(x) if x G G^, we have 

eia){MfXix)) = Mf§{a){Xix)) = Mf\{x) (/ G L°°(G), x G G^). 

i.e., Mf\{x) G Ha- 

In view of the foregoing remarks, this completes the proof. □ 



13 



While Proposition 14.21 provides an estimate for H.^ "from below" , we now give one 
"from above". 

Extending our previous notation, we set := {x G G : a{x) = 1} for any a G 
M.ch{A{G)). Note that need not be a subgroup of G unless a G P^{G), but that it is 
still a closed subset of G, so that the conclusion of the following proposition still makes 
sense. 

Proposition 4.3. Let G be a locally compact group, and let a G Mchi^iG)) ■ Then we 
have n^cBcAL^iG)). 

Proof. Let T G Ho-, and let x G G \ Go-, i.e., (t(x) ^ 1. Let G A{G) be such that 
(j){x) 7^ 0, so that ip{x) := (j){x)a{x) — (j){x) ^ 0. On the other hand, we have 

emT) = 0{^^){T) - miT) = m{.o{<y)iT)) - m{T) = emr) - emT) = 0. 

This means that x ^ supp T. □ 

Let G be a locally compact group, and let H he a closed subgroup. We define 

L°°(G : H) := {0 G L°°(G) : X{x)4> = 4> for all x G H}. 

It is obvious that L°^{G : H) is t(;*-closed in L°°{G). Slightly deviating from |For j . we set 

B{G : H) := {0 G B{G) : A(2;)0 = for all x G H}. 

(Note that in |Forj . right instead of left translates are considered.) We can canonically 
embed B{G : H) into L°°(G : H). Also, we set 

pA(G) :={aeP\G):a\H^l}. 

As is observed in |K-Lj . the functions in Pjj{G) are constant on both left and right cosets 
of H and thus are contained in B{G : H). Following |K-Lj . we say that G has the H- 
separation property if, for each x G G \ H, there is cr G P^{G) such that a{x) / 1. For 
instance, whenever H is open, compact, or neutral — this includes all normal subgroups 
as well as all closed subgroups of [SIN]-groups — , G has the iJ-separation property (see 

ie:ei). 

Lemma 4.4. Let G be a locally compact group, and let H be a closed subgroup of G such 
that G has the H-separation property. Then B{G : H) is w*-dense in L'^{G : H). 

Proof. Let 9Jt denote the ?i;*-closure of the linear span of all right translates of all functions 
in Pjj{G) in L°°{G). Then 971 is a von Neumann subalgebra of L°°{G) and invariant under 
right translation. Set 

L := {x G G : \{x)<i) = (p for ah </> G M}. 
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Then L is a closed subgroup of G containing and from |1-T 11 Theorem 2] (see also 
|Laul Lemma 3.2]), we conclude that OH = L°°{G : L). 

Assume that there is a; E L \ H. Since G has the i?-separation property, there 
is a G P}j{G) C : L) such that a{x) 7^ 1 and thus \{x~'^)a / a. This is a 

contradiction, so that H = L. □ 

For any locally compact group G and a G P^{G), it is clear by definition that G has 
the G(j-separation property. Hence, we obtain: 

Corollary 4.5. Let G be a locally compact group, and let a € P^{G). Then B{G : G^) 
is w* -dense in L°°{G : Ga). 

Lemma 4.6. Let G he a locally compact group, let II he a closed subgroup, and let cf) E 
B[G : H). Then there are a unitary representation tt of G on a Hilhert space as well 
as ^,r] £ such that 

and Tr{y)r] = r] for all y £ H . 

Proof. By definition of B{G), there are a unitary representation vr of G on a Hilbert space 
Sj as well as ^, 770 ^ ^ such that 

h,voi^) '■= i'^(^)^^'no) = 4>{x) (xeG). 

Without loss of generality, suppose that ||^|| = 1. Set 

C := {r/ G ^ : \\r]\\ < \\r]o\\ and (p^^^^ = (p}. 

Then C is a non-empty, convex, weakly compact subset of S). Let rj £ C and y £ H. Then 
we have 

(t>i,7r{y)ri{x) = (vr(x)^, 7r(y)r/) = (7r(y"^x)C,r7) = (A(y)(/))(x) = (j){x) {x G G), 

so that iT{y)r] G G again. Prom the Ryll-Nardzewski fixed point theorem ( |G-Dl (9.6) 
Theorem]), we conclude that there is G C with iT{y)r] = r] for y £ H. □ 

Proposition 4.7. Let G he a locally compact group, let H he a closed suhgroup of G, let 
T £ Bh{L'^{G)), and suppose that one of the following holds: 

(a) there is a £ A{G) with a\H = 1 and 9{a){T) = T; 

(b) G has the approximation property and the H -separation property. 
Then T lies in (VN(F) U L°°(G))". 
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For the proof, we first establish some conventions for (possibly infinite) matrices. The 
extensive use of matrix calculations may seem like an unnecessary complication at the first 
glance, but appears to be unavoidable in view of how 9 : A4ch{A{G)) CB{B{L'^{G)) is 
defined in |N-R-Sj . namely via the extended Haagerup tensor product of operator spaces, 
an object that itself is defined in terms of arbitrarily large matrices. 

Given a linear space E and index sets I and J, we denote by Mixjj(i?) the matrices 
[xj o] «Gi with Xij € E for (i, j) € I x J. If I = J, we write Mj{E), and if E' = C, we simply 
use the symbols Mixj and Mj instead of Mixj(C) and Mj(C), respectively. For x G E 
and [ctij] iei , we set [cKj ,] iei (8) x = [cKj jx] igi . We convene to interpret families [x,],£j as 
row vectors, and write for the corresponding column vector. Finally, we denote by 

Ij the matrix [5j^k]j,k&3, and set Oixj = ["ij] 'Si with aij = for € I x J. 

Proof. If (a) holds, H is necessarily compact, so that in both case (a) and case (b), G has 
the -ff-separation property. By Lemma 14.41 B{G : H) is therefore t(;*-dense in L°°{G : H). 
We win show that M^T = TM^ for all (p G B{G : H), so that T lies in L°°(G : H)' . Since, 
as is easily checked, 

(VN(i7) U L°°(G))' = : H), 

this will prove the proposition. 

We adapt part of the proof of |JN-K-Sl Theorem 5.1] to our situation. 

Let (j) € B{G : H). By Lemma 14.61 there thus are a unitary representation tt of G on 
some Hilbert space Sj as well as ^, r/ G ^ such that 

0(x) = (7r(x)e,r/) (xGG) 

and iT{y)r] = r] for y ^ H. Let 

:= {C G ^ : T,{y)Q = C for y G H}, 

so that, in particular, ij £ ^. Let {ei)i^i be an orthonormal basis for M., and extend it to 
an orthonormal basis (ei)igj[ for (so that, in particular, I C J). For (i, fc) G J x J set 

<Pi,ki^) ■= (7r(x)efc,ei) and 0i,fc(x) := 0i,fc(x"-^) (x G G) 

Since Cj G it follows that (pi^k £ B{G : H) for all {i,k) G I x J. By the definition of 0, 
we have 

o{<t>^,k)(T) = E^*..™<^„. ((^'^) ^ ^ ^ •^); (6) 

By Proposition 13. 8( 11 or (ii) — depending on whether (a) or (b) is satisfied — , the left hand 
side of (jnj equals 0j^fc(e)r for all (i. A;) G I x J, so that © becomes 

ct>i,k{e)T = ^ M^^TM^^^^ {{i, k)elx J). (7) 
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Interpreting Q as a matrix identity — with matrices indexed over J x J — , we obtain 

Me)T = (Ij ® T) [hk\j^j {{h A;) G I x J). (8) 

We view $ := [</>j,A;]i,fceJf as an element of Mj{Ch{G)) and set 6 := [i^i,fc]^ ^gj- Then 4> also 
lies in Mjj(C5(G)) and satisfies 

$6 = Ijj (g) 1 = $^>. (9) 

Furthermore, set ^' := [(pik] i& G -Mnxjf(C6(G)). Since 4>ik{e) = Si k for {i,k) e I x J, we 

' fcel ' ' 

obtain from JHl) that 



i6I 

feej 



(lneOix{j\i)) ®r = [(/),,fc(e)T] 

= ^'(ij®r)$, 

and thus, by @ 

^'(lj€5T) = ((lieOnx(j\n)) ®T) (10) 

Let [aj]jGJl and be in £^(JI) and ^^(I), respectively, such that ^ = X^j-gjajCj and 

r] = X^jgjAej; it follows that 

= (7r(3;)^,r/) = '^aj{TT{x)ej,ei)j3i = '^aj <pij{x) f3i {x G G) 
or, in matrix notation, 
Hence, we obtain eventually: 

= ((ln©On,(j\n))®r) ci> [a,],ej 

= TM^. 

This proves the claim. □ 

We can now prove the main result of this section: 

Theorem 4.8. Let G be a locally compact group, and let a G P^{G). Then the following 
hold: 

(i) ifae A{G), then = {H^ U 

(ii) if G has the approximation property, then 

■H, = {H.yjL^{G))" = BgAL\G)). 
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In either case, Tia- = {Ha U L°°{G))" is a von Neumann subalgebra of B{L?'{G)). 
Proof. By Propositions 14.21 and I4.,SI 

{HaUL^iG))" dlia^BGAL^G)) 

holds without any additional hypotheses. 

In case (i), we conclude from Proposition 14.71 (with condition (a)) that H.^ C (T^o- U 
L°°{G))" . For case (ii), recall that, as we remarked before Corollary 14. 5( G has the 
Go--separation property. Hence, by Proposition 14.71 fwith condition (b)), we even have 
BgAL'^{G)) C {Ha U L°°(G))". This proves the theorem. □ 

Remark. We believe, but have been unable to prove, that 

na = {naiM^{G))" = BgAl\G)) 

holds without any additional hypotheses on a or G. 
For adapted o", we obtain as a special case: 

Corollary 4.9. Let G be a locally compact group, and let a G P^{G) be adapted. Then 
the following hold: 

(i) ifae A{G), then = L°^{G); 

(ii) if G has the approximation property, then 

na = L°°{G)=Be{L\G)). 

In either case, Tia = L°°{G) is a von Neumann subalgebra of B{L?'{G)). 

5 Harmonic operators through ideals in the predual 

An alternative, very fruitful approach to the classical space 71^ of /x-harmonic functions 
(where /i is a probability measure) has been carried out by G. A. Willis ( |Wilj ) . There, 
the study of is transferred to its pre-annihilator 

:= {f-f*^,:feL\G)f^''^ 

in L^{G), which (obviously) forms a left ideal in the group algebra. In order to inves- 
tigate the non-commutative analogue of in a similar fashion, W. Jaworski and 
the first-named author use the "quantized" convolution product in the space T(L^(G)) = 
B{LP'{G))tf of trace class operators, as introduced and studied in |JNeu Ij and |JNeu 3j (see 
also |Pirj for further results on this product). Indeed, they show that the pre-annihilator 

J/. := V - e{^xUuJ) : u: G T{L^{G))f^'''^''^^ 
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of ii.^ in T{L'^{G)) forms a left ideal with respect to this convolution ( |J-JNl Proposition 
3.3]). 

We shall first indicate how to equip T(L^(G)) with a product that turns it into a 
completely contractive Banach algebra, and may be thought of as a "non-commutative 
pointwise product", in other words, a Fourier algebra type product, instead of a convo- 
lution type product, as described above. Just as the latter, the multiplication we shall 
consider here is also very different from the ordinary composition of operators. From a 
Hopf-von Neumann algebraic point of view, both the convolution type and the Fourier 
algebra type product on the space T{Lp'{G)) are constructed in exactly the same way: 
the first one is derived from a co-multiplication on B{LP'{G)) that canonically extends 
the one of L°°{G) whereas the second one is based on a canonical extension of the co- 
multiplication of VN(G). In this sense, both products on T(L^(G)) are "dual" to each 
other. 

Let G be a locally compact group. We define a unitary operator W G B{L'^{G x G)) 
by letting 

{WOix, y) := xy) (e e L\G), x,y e G). 

Identifying L^(G x G) with L^(G)(^2-^^(G) (Hilbert space tensor product), we denote the 
flip map on Lp'iG x G) by a. Then W := aW*a is a again unitary, and 

f : B{L^{G)) BiL\G X G)), T ^ W{1 ^ T)W* 

is a co-multiplication, i.e., a normal, unital, injective *-homomorphism satisfying 

(f O id) o f = (id f ) o f . 

The pre-adjoint 

f : r{L\G))^T{L\G)) ^ T{L\G)), 

where denotes the projective tensor product of operator spaces, is a complete contraction 
and turns T(L^(G)) into a completely contractive Banach algebra. In order to tell this 
product on T(L^(G)) apart from the usual composition of operators, we denote it by •, 
so that 

{u; . p, T) := {u ® p, f (T)) {u, p G T{L\G)), T G B{L\G))). 

Furthermore, the pre-adjoint of the inclusion VN(G) C B{L?'{G)) is an algebra homomor- 
phism vr : T{L'^{G)) A{G) (and necessarily a complete quotient map), and B{L'^{G)) 
becomes a completely contractive T(L^ (G))-bimodule through 

a;-r:= (id0u;)(f(r)) and T • w := (w ® id)(f (T)) 

(u; G T{L\G)), T G BiL^G))). 
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(These module actions have been studied in |M-R-Sj and |F-Rj .^ 
Since W G VN(G)®L°°(G), we have 

uj-T=(id® uj){W{l (g) T)W*) G VN(G) {uj G T{L^{G)), T G B{L^{G))). 

Hence, the module action induces a complete contraction S : T {Lp' {G))®B{L'^ {G)) — 
VN(G). In |P^ . UCQ(G) is defined to be the range of S in VN(G), equipped with the 
quotient operator space structure. The dual space UCQ(G)* then naturally becomes a 
completely contractive Banach algebra, which contains M.ch-^{G) as a closed subalgebra, 
and the adjoint 5* extends the representation 6 from Mcbi^iG)) to UCQ(G)*. More 
precisely, if, for n G UCQ(G)* and T G B{L'^{G)), one defines noT G B{L'^{G)) through 

(n o T, u) := (n, • T) (tj G T(L2(G))) 

then, for each n G UCQ(G)*, the map 

B{L^{G)) B{L^{G)), T^noT 

is a completely bounded operator on B{L^{G)), which we denote by e{n). It is easy to 
check that 6 = S* . For more information, see |P-Kj (and |JN-R-Sj for the amenable case). 

In the sequel, we shall use the fact that 9 and 9 coincide on A{G), which follows from 
|P-Rj (or |N-R-Sj if G is amenable). For the reader's convenience, we include a different 
(and short) proof: 

Lemma 5.1. Let G be a locally compact group. Then we have 

Proof. Let (p ^ A{G), and note that both 0((/)) and ^(i;^) are normal, which follows easily 
from the definition (see also |N-R-Sl Theorem 4.3] for 9{(p)). 

Both 9{(j)) and 9((f)) are -L°°(G)-bimodule maps: we already know this for 9{(j)), and 
it follows for 9{(f)) from |P-Rl Theorem 2.3]. Furthermore, 9{(f)) and 9{(f)) coincide on all 
operators X{x) with x (z G: we know that 9{(f)) on VN(G) is nothing but the canonical 
action of on VN(G), and the same follows for 9{(/)) from its definition. Consequently, 
we have 

§mMfXix)) = Mf~9i<p)iXix)) 

= Mf9m\{x)) = 9mMjX{x)) if G L-(G), x G G). 

As in the proof of Proposition 14.21 we conclude that 9((j)) = 9{(j)). □ 

Following |C-Lj . where the analogous questions for VN(G) and Tifj were considered, 
we now study the pre-annihilator of Wo- in T{L?'{G)) for any a G A^cb(^(G)). 
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Lemma 5.2. For any locally compact group G, we have 

T-u = e{TT{uj)){T) (cu G T{L^{G)), T E B{L^{G)). 

where vr: T{LP'{G)) — > A{G) is the canonical quotient map. 

Proof. Let u G T{L^{G)), and let T G B{L^{G)). Then we have 

(p, T ■ ^) = (cc. . p, T) = (a;, p ■ T) (p G T{L^iG))). 

Since p-T G VN(G) for p G T{L'^{G)), the evaluation of u; at /> • T depends only on tt{u)), 
so that (p, T ■ to) = {^{u}), p ■ T) for each p G T{Lp'{G)). Hence we obtain 

{p,T-uj) = {tt{uj),p-T) 

= {p0T,S*{7T{co))) 

= (p,0>M)(r)) 

= {p, e{ir{uj)){T)), by Lemma 

for all p G T(L2(G)), as desired. □ 

The following is a consequence of |P-R[ Lemma 2.1], using the fact that 9 \Mcb{{MG))~ 
9. We include our own (short) proof for the sake of completeness: 

Lemma 5.3. For any locally compact group G, we have 

emu; ■T)=uo- emr) {cp g m,,,{{A{g)), ^ g t{l\g)), t g b{l\g))). 

Proof. Let G Mch{{A{G)), let (j,p G T{L'^{G)), and let T G B{L'^{G)). 
We first note that 

{■K{em{p)),s) = {em{p),s) 

= {p,9ms)) 
= {pA-s) 
= {-K{p)A-s) 

= {nip)cP,S) (5gVN(G)), 

so that 

7rim.ip))=7rip)cp. (11) 
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Now we obtain: 

{pJi^)iu;-T)) = {eicl>Up),u;-T) 

= {i^,T ■ 9{(t>Up)) 

= {ujJ{7r{e{(l)).,{p))){T)), by LemmalO 

= {u;,9{7T{p)(t>){T)), by (El), 

= {u;,e{7r{p)){emT))) 

= {u),6{(j)){T) ■ p), by Lemma Ell again, 

= {p.u;,9mT)) 

= {p,u;-9mT)). 

Since p S T{L?'{G)) is arbitrary, this yields that 

emu:-T)=u;-emT), 

as claimed. □ 

Theorem 5.4. Let G he a locally compact group, and let a G A4chi^{G)) . Then 

— 

is the pre-annihilator ofTi^ inT{L^{G)) — so thatli^j = (T{L'^{G))/Ia)* — and a two-sided 
ideal of {T{L'^{G)),»). 

Proof. It is straightforward to see that 

CO eh ^ {uj,T) =0 for all T e Ha G T{L'^{G))). 

Hence, la- is indeed the pre-annihilator of Ha in T{L^{G)), and {T{L'^{G)) = - 
"Ha holds. 

We first show that 4 is a left ideal in T{L^{G)). To this end, let u:,p e T{L^{G)), 
and note that 

{u;*0{a),ip),T) = {e{a),{p),T ■ lo) 
= {p,d{a){T.u;)) 

= {p, e{a){e{TT{Lj)){T))), by LemmaEa 

= {p,d{7r{u)a){T)) 

= {p,9in{u;)ma){T))) 

= {p, 6{a){T) ■ uj), again by Lemma EH 

= {LO*pJ{<y){T)) 

= {eicrUu;.p),T). {TeB{L\G))), 
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so that 

u) • 9{a)^{p) = 9{a)^,{uj • p) 

and therefore 

• - p) = u! • 6{a)^,{p) — u • p = 9{a)^{uj • p) - uj • p e 1^ (12) 

Since LO,p£ T{L^{G)) were arbitrary, it fohows that is a left ideal as claimed. 
To see that /o- is also a right ideal, let uj,p £ T{L?'{G)), so that 

{{e{<yUp)).LO,T) = ma).,{p)),u:-T) 
= {p,e{a){u;-T)) 
= {p,uj ■ 9{a){T)), by Lemma 
= {p.ujJ{a){T)) 

= {e{<jUp*Lo),T) {TeB{L\G))) 

and thus 

(^(fT)^,(/9)) • = 0{a)^{p • uj). 
A calculation similar to ((T^ then lets us conclude that 1^ is a right ideal, too. □ 

Remark. The above result mirrors both [rm Definition 3.2.1] and ^\-N\ Proposition 3.3] 
in our setting. 

Finally, we consider another ideal of (T(L^(G)), •). 

Proposition 5.5. Let G be a locally compact group, and let a G A4cb(^(G)). Then 

L°°{G)± := {uj G T{L^{G)) : {uJ,M^) = for all </> G L~(G)} 

is a two-sided ideal in (T(L^(G)),«) which is contained in the augmentation ideal 

ro(L2(G)) := {u G T{L\G)) : 1) = 0} 

and, if a{e) = 1, contains !„. 

Proof. Trivially, C Tq{L'^{G)) holds. 

Moreover, if (T(e) = 1, then 

{e{aUp) - p,M^) = {p,9{a){M^)) - {p,M^) = {p,M^) - {p,M^) 

holds for all p G T{L'^{G)) and (j) G L^{G), so that C L°°{G)^. 

It remains to be shown that L°°{G)± is indeed an ideal of T{LP'{G)). 
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Let p,uj & T{L'^{G)). Then we see that 



{p • uj, M^) = {uj, ■ p) 

= {LoJiir{p)){M^)), by Lemma, lO 

= {LO,M^9{7r{p)){l)) (13) 

= {p,l){u;,M^) (0EL~(G)) 

holds. From (fT^. it is immediate that L°°{G)± is indeed a two-sided ideal of T{L'^{G)). 

□ 

Remark. Since L°°{G)± is a two-sided ideal of (T(L^(G)), •), the product • induces a 
product — hkewise denoted by • — on the quotient algebra T(L^(G))/L°°(G)_l = L^{G). 
This product, however, is not the usual convolution product on L^{G): from ((Tl^ . it is 
clear that 

f*g = {f,l)g if,geL\G)). 
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